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Consider a dynamical many-body system with a random initial state subsequently evolving
through stochastic dynamics. What is the relative importance of the initial state (“nature”) vs. the
realization of the stochastic dynamics (“nurture”) in predicting the final state? We examined this
question for the two-dimensional Ising ferromagnet following an initial deep quench from T = ∞
to T = 0. We performed Monte Carlo studies on the overlap between “identical twins” raised in
independent dynamical environments, up to size L = 500 . Our results suggest an overlap decaying
with time as t−θh with θh = 0.22± 0.02; the same exponent holds for a quench to low but nonzero
temperature. This “heritability exponent” may equal the persistence exponent for the 2D Ising
ferromagnet, but the two differ more generally.
Introduction. Given a typical initial configuration of a
thermodynamic system, which then evolves under a spec-
ified dynamics, how much can one predict about what
the system will look like at later times? In this paper,
we study this problem in the relatively simple setting
of a homogeneous Ising ferromagnet on a square lattice
following a deep quench from infinite to zero or low tem-
perature. In particular, we are interested in the influence
on the configuration at a later time t of the random ini-
tial state (“nature”) vs. that of the single-spin dynamics
(“nurture”), which, even at zero temperature, retains an
element of randomness in the order that spins are chosen
to attempt to flip (and whether they flip when there is
no energy change).
This nature vs. nurture problem [1] can be solved ex-
actly for 1D random ferromagnets and spin glasses [2].
An initial attempt at a numerical study of the same prob-
lem in the 2D homogeneous ferromagnet on the square
lattice was reported in [3]; the results, while suggestive,
were inconclusive. In this paper we carry the earlier stud-
ies to a much stronger conclusion concerning the rate of
decay of initial global information in the uniform 2D case.
The study of nature vs. nurture provides a great deal of
information on a number of central dynamical issues con-
cerning different classes of models [1], such as whether the
dynamically averaged measure for a single random initial
condition settles down to a limit (even when individual
dynamical realizations do not). Our work is also related
to the general area of phase ordering kinetics [4–6]. Sev-
eral lines of work are particularly relevant to our study.
Krapivsky, Redner and collaborators [7–9] investigated
both the 2D and 3D Ising models with zero temperature
Glauber dynamics to understand the time scales and fi-
nal states of the dynamics. Derrida, Bray and Godreche
introduced the persistence exponent [10], which charac-
terizes the power law decay of the fraction of spins that
are unchanged from their initial value as a function of
time after a quench. This exponent was measured for
the zero temperature 2D Ising model by Stauffer [11]
and calculated exactly for 1D by Derrida, Hakim and
Pasquier [12] and is studied at nonzero temperature in
Refs. [13, 14]. We will examine the relationships between
the work reported here with these earlier results.
Heritability. To investigate nature vs. nurture for the
2D Ising ferromagnet we carry out a “twin” study. We
start two Ising systems with the same infinite tempera-
ture initial condition and then allow each to evolve in-
dependently using Glauber dynamics. We measure the
spin overlap between the systems as a function of time
and refer to this overlap as the “heritability.” It is inter-
esting to note that our notion of heritability is in some
sense the opposite of that in “damage spreading” where
two slightly different initial states evolve according to the
same dynamical realization [15–19].
Our key finding is that heritability, as embodied by
the spin overlap between twins, decays as a power law
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2in time. For finite systems at T = 0, an absorbing state
is always reached and we measure the average value of
the overlap between the twins in their final states. We
find that this quantity decays as a power law in system
size. Based on a finite size scaling ansatz we obtain a re-
lationship between the power law in system size for finite
systems and the power law in time for infinite systems.
This relationship is observed to hold in our numerical
results.
Methods. We carried out simulations of the 2D fer-
romagnetic Ising model on an L × L square lattice with
periodic boundary conditions. Each site carries a spin
Si = ±1, i = 1, 2, ..., N , where N = L2. The energy E of
the system is E = −∑<i,j> SiSj , where the sum is over
nearest neighbor pairs.
For most of our simulations, the system evolves
through zero-temperature Glauber dynamics. An ele-
mentary step consists in choosing a random site i and
computing the energy change ∆E of flipping the spin Si.
If ∆E < 0 the spin is flipped (Si ← −Si); if ∆E = 0
the spin is flipped with probability 1/2; and if ∆E > 0
the spin is not flipped. These moves are repeated un-
til the lattice reaches a final state where no spin flips
are possible. This absorbing state is either one of the
two homogeneous ground states or a striped state [7].
A striped state has one (or more) vertical or horizon-
tal stripes (but not both) whose boundaries constitute
domain walls separating regions of antiparallel spin ori-
entation. The probability that the absorbing state has a
single stripe is 0.339 . . . for large L, while the probability
of multiple stripes is very small [7, 9]. We also carried out
simulations of Glauber dynamics at temperature T = 1,
deep in the low temperature phase. Here the probability
of s spin flipping is proportional to exp(−β∆E), where
β as usual is the inverse temperature.
To distinguish the influences of nature and nurture,
we simulate a pair of Ising lattices with identical initial
conditions (“identical twins”). We study the effects of a
deep quench, in which the initial state is at infinite tem-
perature (each spin is independently chosen by a coin
toss). The subsequent application of Glauber dynamics
then effects an instantaneous quench to low or zero tem-
perature. Each twin evolves independently according to
Glauber dynamics at a fixed temperature, either T = 0
or T = 1. For zero-temperature Glauber dynamics, each
run is continued until an absorbing state is reached. The
time t is measured in sweeps with one sweep correspond-
ing to N spin-flip attempts. At each time step t, we
study the overlap qt(L) =
1
N
∑N
i=1 S
1
i (t)S
2
i (t) between
the twins, where S1i (t) denotes the state of the i
th spin at
time t in twin 1, and similarly for S2i (t). The influence of
initial conditions is quantified by qt(L), where q0(L) = 1
for any L. We are interested in the average qt(L) over
both initial conditions and the subsequent dynamics and,
in particular, in understanding both the size dependence
of final overlap, q∞(L) = limt→∞ qt(L) and the time de-
pendence of the infinite volume limit qt = limL→∞ qt(L).
As we shall see, the behavior of q∞(L) and qt are con-
nected by a finite size scaling ansatz.
For T = 0, we studied 21 lattice sizes from L = 10 to
L = 500. For each size we studied 30,000 independent
pairs of twins out to a time such that almost all systems
are in an absorbing state. For each initial condition we
compute only two dynamical trajectories, one for each
twin. This approach is statistically equivalent and more
efficient than averaging over both the dynamics and ini-
tial conditions. From qt(L) for each pair of twins, we
computed the mean qt(L).
Results. Figure 1 shows a log-log plot of qt(L) vs. t
for several L and for quenches to T = 0 . We observe
that for short and intermediate times, qt(L) appears to
follow a single curve for all L, until an L-dependent time
scale when qt(L) separates from the main curve and a
plateau is reached. It is reasonable to suppose that the
single curve represents the infinite volume behavior qt
to good approximation. The initial decay of qt is rapid,
followed by a shoulder that goes to about t = 100. The
subsequent behavior appears to be described by a power
law. A power law fit of the form qt = dt
−θh for the
largest two sizes, L = 400 and L = 500, from t = 500
to t = 104 yields d = 0.59(3) and θh = 0.216(7) for
L = 400, and d = 0.62(3) and θh = 0.225(6) for L = 500.
The error bars are obtained by the bootstrap method.
Based on these two sizes, we estimate that the heritability
exponent describing the decay of the overlap with time
is θh = 0.22± 0.02.
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FIG. 1: (Color online) qt(L) vs. t for several L and for
quenches to T = 0. The plateau value decreases from small
to large L. From top to bottom the sizes are L = 20, 50, 100,
250, and 500.
Next we discuss q∞(L), the finite size behavior of the
absorbing value of qt(L) for quenches to T = 0. For
L < 300 we simulate all systems until they are ab-
sorbed, but for the largest several sizes this is not pos-
sible. Therefore, for the small fraction of pairs with at
3least one unabsorbed twin, we approximate their contri-
bution to q∞(L) by the value of the qt(L) at the largest t,
which is on the plateau for all sizes. The justification for
this approximation is that the plateau value of qt(L) is
nearly equal to q∞(L) for two reasons. First, most twins
are absorbed before the plateau is reached. The second
reason is more subtle. On the plateau essentially all un-
absorbed systems are in a diagonal stripe state. The
diagonal stripe, appearing in about 4% of systems, is the
longest lived metastable state with a lifetime that scales
as L3 [7]. A diagonal stripe decays by a random walk in
the width of the stripe and almost always reaches one of
the two homogeneous ground states. A simple random
walk argument shows that the probability of the final
state being all +1 is equal to the fraction of +1 spins
in the diagonal stripe state. Thus the expected value
of q∞(L) averaged over the dynamics is approximately
equal to qt(L) on the plateau, which justifies the approx-
imation. For the largest size studied (L = 500), approx-
imately 8% of pairs of twins are not yet absorbed at the
end of the simulation. This fraction is to be expected
if all unabsorbed pairs have a twin in a diagonal stripe
state. Comparison between this approximation and the
exact simulation for smaller sizes shows that the error due
to the approximation is much smaller than the statistical
errors due to the finite sample size.
The results for q∞(L) for quenches to T = 0 are shown
in Fig. 2. We find that the data are well fit by a power
law of the form q∞(L) = aL−b. We performed a series of
power law fits in which we successively dropped smaller
sizes. The only significant deviation from a power law
fit occurs if the data from the smallest size, L = 10, are
included. The quality of the fits is good and the results
independent of the minimum size within the error bars
indicating that the corrections to scaling are small. For
example, if L = 10 and 20 are excluded the best fit result
is a = 0.81(3), b = 0.46(1) with χ2/d.o.f. = 0.51 and
the corresponding quality of fit is Q = 0.95. Our best
estimate of b, taking into account both statistical and
possible systematic errors, is 0.46± 0.02.
The exponents b and θh can be related via a finite-size
scaling ansatz. During coarsening, the typical domain
size ξ grows as ξ ∼ t1/z where z is the dynamic exponent
for coarsening and z = 2 for zero temperature Glauber
dynamics [6]. We therefore postulate the following fi-
nite size scaling form for qt(L) ∼ t−θhf( t1/zL ), where the
function f(x) is expected to behave as:
f(x) ∼
{
1 for x 1,
xzθh for x 1. (1)
The large x behavior is required to ensure that qt(L)
approaches a constant for large t and finite L. In par-
ticular, the t → ∞ behavior is q∞(L) ∼ L−zθh , so that
b = zθh = 2θh, which agrees within errors with our nu-
merical results b = 0.46 ± 0.02 and θh = 0.22 ± 0.02.
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FIG. 2: q∞(L) vs. L for quenches to T = 0. The solid line is
the best power law fit for sizes 20 to 500, and corresponds to
q∞(L) ∼ L−0.46.
Since b is obtained from the data for many sizes while
θh is obtained from a limited range in t and only two
sizes, we consider b to be a more reliable value. We also
considered initial conditions with random spins but fixed
magnetization rather than infinite temperature. If the
fixed magnetization is within O(1/
√
N) of zero, the re-
sults for b are the same as for the infinite temperature
case.
Next we consider quenches to T = 1. These simu-
lations are more difficult to carry out than for T = 0
and we use kinetic Monte Carlo to accelerate them. The
curves for qt(L) vs. t fall slightly below those found
for T = 0 (see Fig. 1) as would be expected since
thermal fluctuations should decrease qt(L) relative to
zero-temperature dynamics. Figure 3 shows the ratio
r(t) = (qt(L)T=1 − qt(L)T=0)/qt(L)T=0 for various sizes.
While the error bars are large, we see that r(t) is approx-
imately constant as a function of both t and L suggest-
ing that the same heritability exponent applies for both
T = 0 and T = 1. We believe that similar results would
hold throughout the low temperature phase. It would be
interesting to study quenches to the critical temperature
where one might expect a different heritability exponent.
Heritability and persistence. Heritability is related, at
least superficially, to the phenomena of persistence. In
the context of phase ordering kinetics, persistence is de-
fined as the fraction of spins that have not flipped from
their initial values up to time t. This quantity is found
to decay as a power law and the exponent θp is called
the “persistence exponent.” Numerical simulations on
the 2D Ising model with zero temperature non-conserved
dynamics yield [11] θp = 0.22 (with no error bars quoted)
and [20] θp = 0.209(2) (error bars are only statistical).
These numbers are within the error bars of the heritabil-
ity exponent θh = 0.22± 0.02 obtained here.
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FIG. 3: (Color online) The fractional difference between the
T = 1 and T = 0 heritability, r(t) vs. time t for several system
sizes L.
In addition, our exponent b = 0.46±0.02 describing the
finite size decay of heritability can be compared directly
to the finite-size persistence exponent θIsing = 0.45 ±
0.01 [21]. (As discussed in [23], the same finite scaling
arguments that show that b = zθh demonstrate that θp
defined in [11] and θIsing defined in [21] are related by
θIsing = zθp.)
In contrast, for the one-dimensional ferromagnetic
Ising model one can compute analytically both the per-
sistence exponent and the heritability exponent using
the mapping from zero-temperature Glauber dynamics
to the voter model and to coalescing random walks (see,
e.g., [22, 24]). It is shown in [12, 22] that θp = 3/8, but
related arguments can be used to show that θh = 1/2
and b = 1. While the persistence and heritability expo-
nents are distinct in one dimension, it may be that they
are exactly the same in two dimensions or it may be that
they are simply close but not identical.
Discussion. Motivated by general questions concerning
the predictive power of initial configurations in systems
evolving by stochastic dynamics, we studied the simple
2D homogeneous Ising ferromagnet with an initial state
quenched from T =∞ to T = 0 (and T = 1). In analogy
to the classic approach to nature (initial configuration)
vs. nurture (dynamical realization), we performed Monte
Carlo studies of identical twins, S1(t) and S2(t), raised in
independent dynamical environments with system sizes
up to L = 500.
The quantity we focused on was the overlap qt(L) be-
tween S1(t) and S2(t), which was then averaged over
30,000 sets of identical twins to give qt(L). Extensive
studies of the asymptotic behavior of qt(L) for large t
and L were performed. Our main conclusions are as fol-
lows:
• For finite L and T = 0, there are limiting absorbing
states Sj(∞) and overlaps q∞(L) ∼ aL−b with b =
0.46± 0.02.
• For zero and low temperature qt(L) appears to ap-
proach an infinite volume limit qt as L → ∞ with
qt ∼ dt−θh and θh = 0.22± 0.02. For the 2D Ising
ferromagnet θh > 0 so that memory of the initial
state eventually decays to zero. However, the small
value of θh shows that information about the initial
state decays rather slowly.
• Finite size scaling considerations suggest that b =
2θh, consistent with our numerically estimated val-
ues and with the exact 1D values.
• The numerical values of the heritability and per-
sistence exponents are very close for the 2D Ising
model, though these exponents are distinct in one
dimension: for the 1D Ising model the heritability
exponent is larger than the persistence exponent.
It is an interesting open question whether the heritabil-
ity exponent is an independent non-equilibrium exponent
or whether it is related to either the persistence exponent
or, as suggested by an anonymous referee, the autocor-
relation exponent. Additional simulations either of the
Ising model in higher dimensions or for Potts models may
resolve this question.
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